Qualifying Exam. Complex Analysis. Spring 2019

Problem 1. Does there exists a function f holomorphic in the unit disk and
such that
f(272n) — 27n

for all positive integers n?



Problem 2. Let f be a holomorphic function in {z : 0 < |z —a|] < 1}.
Suppose that f has a simple pole at a. For 0 < € < 1, we denote by 7. the curve

Ye : [0,7] = C, 7.(t) = a+ee.
Prove that
lir% f(2)dz = mires,f.

Ve



Problem 3. Let f be an analytic (holomorphic) function in
D ={¢ e C: |(] <1} such that |f({)] < 1, ¢ € D. By considering the
function g defined by

f(¢) = f(0)

g(C):l_mf(C)a ’C|<1a
show that O] +1¢]
|f(C)|§TO)|_K|a ¢l < 1.



Problem 4. Does the function
z+1

z—1

have a holomorphic branch in C\ [-1,1]?



Problem 5. Evaluate the integral

/°° CcoS T g
—dz.
o (22+1)2



